SADLER UNIT 4 MATHEMATICS
METHODS

WORKED SOLUTIONS

Chapter 3 Continuous random variables

Exercise 3A

Question 1
163
a R
186
, 128 64
186 93
4 2
C — =
186 93
Question 2
a 3+7+14:£~36%
67 64
AR
67 67
c 5+3+3+4+1=E~24%
67 67
d 17+10+5=£~48%
67 67
e 2t3+3+4+41 16 0
67 67
¢ 17+10 :£~53%

3+7+14+17+10 51

© Cengage Learning Australia Pty Ltd 2019



Question 3

a 0.4x50=20
b [ 0.38+0.28+0.12+0.04 =0.82
i 0.02+0.16=0.18
" 0.16 _016_8
0.16+0.38+0.28 0.82 41
Question 4
a 0.325+0.2+0.075+0.025+0.025 = 0.65
b 0.65
c 0.075+0.075+0.15+0.325+0.2 =0.825
d 0.025+0.025+0.075 _ 0.125 :i
0.65 0.650 26
e % =0.8
Question 5

54 apples in sample.

a

4+11 :E ~0.28
54 54

1-0.28=0.72

15+10+7+4 =§z0.67
54 54
15+10 25

=—~0.64
39 39
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Exercise 3B

Question 1

4k =1
k=0.25

Question 2

20k =1
k =0.05

Question 3

0.5k =1
k=2

Question 4
(k-1)»x0.5=0.75

k-1=15
k=25

Question 5

(k-1)x1=0.8
k=18

Question 6

P(X > (k1))
05

P(X >k -1)=0.125 v

P(X <k —-1)=0.875

=0.25

0.25 1

k—-1=0.875x4
=35

k=45 1 2 3 -I+
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Question 7

P(10< X <k)
P(X <k)
IfP(10< X <k)=0.5xP(5< X <k),
k=15

0.5

or

(k —10)x 0.05 = %(k ~5)x0.05

1
k-10==(k-5
5 (k=5)

2k -20=k -5
k=15

Question 8

M:o,5

P(X >10)

P(X >Kk)=0.5x0.75
=0.375

Ex 20=7.5
8

25-7.5=175

Question 9
2k =1
k=0.5

0.5 for 1<x<3
f(x)= .
0 otherwise
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Question 10
1
a P(X <4)==
(X <4)=7
b P(X=4)=0

3
c P(X <8)=—
(X <8)=>

P(X >4| X <8)
_P(4<X<8)
~ P(X <8)
_ 05

- 0.75
2

3

Question 11

a E(X):aTH)

05+15
2

=1
b P(X >1.2)=0.3
c P(X>2)=0
d P(X <2)=1

e P(X <1| X <1.3)
_ P(X <))
" P(X <1.3)
05

08
~0.625
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Question 12

a E(X):(O+50)%
=25
b 0
2
c P(X <20)=€=O'4
2
d P(X SZO):E:OA
e P(X <20| X <25)
_ P(X <20)
P(X < 25)
_o04
0.5
=038
f P(X <25|X <20)=1
g P(X >20| X <25)
_ P(20< X <25)
P(X <25)
o1
0.5
=0.2
h P(X >25|X <20)=0
Question 13
a P(X <20)=05
b P(X 215):§:0.625
40

c

P(X <20| X >15)
_ P@I5< X <20)
P(X >15)

© Cengage Learning Australia Pty Ltd 2019



Exercise 3C

Question 1

1 oak=1
2

k=05

Question 2

1 ogik=1
2

k=0.25

Question 3

%Xm6+nxk:1

k=t
0.8

=1.25

Question 4

ixkx0.8:1
2

_1
0.4
=25

k

Question 5

3x 4k +%>< 3x2k =1

12k +3k =1
15k =1

k=—
15
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Question 6

i><7'[><|(2=1
2

k? =

,\_
Il
alnN
NN

Question 7

[
PN =8 =00625

|
I
I
[
[
i
-

y =0.5x
Ltk =00625
23

1,
Sk =00625

k?=0.25
k=0.5
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Question 8

y=2—x

) % ! 1

PX=6=002

P(X >5)=0.02 ~.k>1
P(x <k)=0.98

%(2-k»42—k)=ooz

(2—k)* =0.04
2-k=0.2
k=18

Question 9

T
I 3 4 ”

P(N<k)=0.51

P(X > K) =0.49
lxa—mx(—1k+11J=049
2 2" "%

1 (1
Ex(—EJB—ka—3):049

(3-Kk)(k—3)=—-1.96

k=16, 44

k=16
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Question 10

- —

1 2 l
Z+(k=2)x== :
3 (k-2) 3

. —

o | = s e

N wlN

(k—2)

Wl

g

—_—t o ——

> k

N~ W

(k-2)= P(X<k)=

wi |

k=22
2

Question 11

0.5
jo kx?dx =1

|:k_X3:|0.5 =1
3 0

3
E(Ej_ozl
32

k_
24
k =24

1

Question 12

f kxédx =1

4 2
[ki} 1
4 1

4 4

15 _

© Cengage Learning Australia Pty Ltd 2019



Question 13

IOO'S ke*dx =1

0.5
ke* l) =1
ke® —ke® =1
k(e 1) =1
1
e”® -1

k:

Question 14

2
[ % dx=0512
°©9

vl
— | =0.512
27

0
3
LS =0.512
27 27
k®=13.824

k=24

Question 15

2
k=(2%2

=272

=0.25

Question 16

ke = ke ™
k=2
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Question 17

a 1><4><k=1
2

k=05
05 1

Mm=———=—
4 8

Lyt
o g

1

—x for0<x<4

f(x)=48
0 otherwise

b k+2k+k=1
4k =1
k =0.25

0.25 forl<x<2
0.5 for 2<x<3
0.25 for3<x<4
0 otherwise

f(x)=

Question 18

2x  0<x<1
f(x)= i
0 otherwise

a %x 0.5x2(0.5)=0.25

b P(X <0.75)=%>< 0.75x1.5

=0.5625
P(X >0.75) =1-0.5625
=0.4375

c P(X <2)=1

d P(X >0.5| X <0.75)
_ P(0.5< X <0.75)
~ P(X <0.75)
~ (0.5625-0.25)
05625
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Question 19

a

b

P(X <0.5)=0.5x1=0.5

Line involved :m=-1
L Yy=-X+1.5
When x=1,y=0.5

P(X >1)=%xo.5xo.5

P(X >0.5| X <)
_P(05<X <1
P(X <1)

[e - NIEN]|

~N|w

© Cengage Learning Australia Pty Ltd 2019

13



Question 20

[/ (05-0.08x) dx

=1.5 ..not a pdf as the area is greater than 1

[ (05-0.12x) d
-1

Intercepts : (0, 0.5) (4%, 0).

The function has negative area and cannot be a pdf.

j05(0.5—0.08x) dx

=1

Intercepts : (0, 0.4) and (5, 0)

This is a probability density function.

Question 21

3
a jo 0.08(x + 2) dx

3
=0.08 jo (X +2) dx

2 3
_ o.os[x—+ 2x}

2 0
— 0.08(4.5+6-3)
~0.84

b 008[ (x+2)dx=0.28

¢ 008 (x+2)dx=064

P(X <2| X >1)
_PA<X<2)
~OP(X 21)
0.8

064

7

16
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Question 22

a 1><5><5|(=1
2

k =0.08

b PO(S4):%«4«(Q08x®
—0.64
¢ PRsX<4)=[ 008xix
—0.48

P2< X <4) 048
P(X <4)  0.64

=0.75
Question 23
3 3 I
a J.l 2)(2 X
3 }
2 1
_.31 (.3,
2 3 2
=——4—
=1

3 3
b ”X23=Lgp“
=0.25

P2<X <25 =24
C (2< _.)_szzx
~0.15

d  P(X<25/X22)
P(2< X <2.5)
T P(X 22)
015

- 0.25
~0.6

© Cengage Learning Australia Pty Ltd 2019

[ S—
el

15




Question 24

3 24
X kx}:l

' (% + k)l =
a L(X+ )X—?-FT

1

(%+8KJ—(1+EKJ=1
3 3 2

2147 k=1
2
5y 90
2
K= -20.2
15
__8
3
8x

b No, the graph of y = x° -3

has negative values for 0 < x < 2%.
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Question 25

a

K[*@-%(x-3)dx=—k=1

k =

Alw w|lbs

P(X <2)= jf%a— X)(X — 3)dx
1

P(X <2.5) = f‘s%a— X)(x — 3)dx

=0.84
P(X>q)=0.6
~P(X <q)=0.4

jlq%a— X)(x —3)dx

:% [ a-xx-3)x

3] ¢ ) 4
=—|—+20°-30+—
Rt

3] ¢° ) 4
Z{—?+ 29" -39 +§} =04
q=0.339, 1.866

0.339 isoutside 1< x <3
-.q=1.87
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Question 26

2
I4(a+bx—x ]dx=1
1 9
1 x? x34
3]
ot
ax+———
3
1
(4a+8b__]_(a+_b__j:9
3 2 3

3a—71—21=9
2

2( a+bx—x° 5
j SR ldx=—
1 9 27

2 ] 5 9
xX+—— | =—x—
2 3] 271

(2a+2b—§j—(a+lb—1j:E
3 2 3) 3

Solving simultaneously
a=-50Db=6

_)

_)

Equation 1

Equation 2
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Question 27

a f(3)=04
P(X <3):l><2><0.4
=04
b P(X <4|x>3):M
P(X >3)
04
1-P(X <3)
_04
0.6
_2
3
Question 28
_1 11
' 15 15 225
1 1 1
m,=—-—x—=———
15 15 225
X=15 ¢r15<x<30
0 =12=X for30<x<4s
225
0 otherwise
a2
15 225 9
=
25 225 9
4045-x 4
c | ==
30 225 9

P(X <40| X >30)
_ P(30< X <40)
~ P(X >30)
41

9 2

© | oo
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Question 29

18 4
a LO 0.025(x~10)dx ==

18 20
b jM 0.025(x —10) dx + Lg 0.1(20 - x) dx
=0.6+0.2
=0.8

1-{*0.120—x)d
¢ _I19 1(20=x)dx

~1-0.05
=0.95

Question 30

a f(x)=0.2e7°* or '[:O.Ze’o'zxdx:o.2019

P(X >8)=1-P(X <8)
P(X <8) = jogo.ze-f’-“dx
_a02x
=€ ]0
— _pl6 _(_eo)
=0.7981
1-0.7981=0.2019
b P(success) = 0.2019
6
:[Zj(0.2019)2(0.7981)4

=0.2481
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Exercise 3D

Question 1

E(X) is midpoint as pdf is uniform = % =45

Alternatively
E(X) = 0.2xdx
=45
Var(X) = j“; f(X)(X — 1) %dx
= 1024 (x~4.5)dx

%
12

Question 2

E(X) = [ (x+3x* dx

_3
4
1 3 2
_ 2 %
Var(X)_J'03x (x 4}
_3
80
Question 3

E(X) = [ 3x(x~1)’dx
~0.25

_ 2 1Y
Var(X)_jos(x—l) (X—ZJ dx
=0.0375
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Question 4

3

2

E(X)= j
=24
Var(X) = ji( X — 2.4)%dx
102
175
Question 5
E(X):J.lz x(lgo— X)d
) 16
-3
b
Var(X) = I 2(12- X)(x 3jdx
_50
9
SD(X) = 590 5\3{_
Question 6

E(X)j (0.016°° Jolx

=100 metres
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Question 7

5 3X(6X — x> —5)

E(X) = j = dx
=3

Var(X) = Ls(?:((Sx;_j—S)(x_g)zjdx

_4

5

2

sD(X)_E

—i~089
Question 8

E(X)=45+2=6.5
Var(X)—Zg

Q1 pdf with a change of origin of 2 units.

Question 9
E(X)=45x2=9
Var(X)_éxZ2

12

%

3
Q1 pdf with a change of scale =2
Question 10
a Y =3X E(Y)=12x3=36
b Y=X+3  E(Y)=12+3=15

c Y=2X+5 E(Y)=2x12+5=29
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SD(Y)=3

SD(Y)=3x2=6
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Question 11

X: u=20 o=4
Z=5X+2: u=102 o=20
Z=2X+5: u=45 o=8
Z=3X+4: u=64 o=12

a Z=5X+2 E(Z)=20x5+2=102 SD(Z) =4x5=20
b Z=2X+5 E(Z)=20x2+5=45 SD(Z)=4x2=8
c Z=3X+4 E(Z)=20x3+4=64 SD(Z)=4x3=12
Question 12

X E(X)=48 Var(X)=16
Y =1.8X +32
E(Y)=48x1.8+32=118.4
Var(Y)=16x1.8° =51.84
SD(Y)=4x18=7.2

Question 13

If random variable X involves lengths in centimetres and
random variable Y involves lengths in metres

Y =X +100

E(Y)=E(X)+100

SD(Y)=SD(Y)+100

Question 14

k k
[ 0.25dx =[0.25x];

=0.25k
0 x<0
SP(X£x)=:0.25x 0<x<4
1 X>4
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Question 15

k k
| 0.25dx =[0.25x];
=0.25k —0.25(2)

=0.25(k - 2)
0 X<2
SP(X<X)=:0.25(x-2) 2<x<6
1 X>6
Question 16
Kay2 37"
IO 3x dx=[x ]0
0 x<0
SP(X<x)={x* 0<x<1
1 x>1
Question 17

Ikldx:[ln x]:

1 X
=Ink-Inl
=Ink
0 x<1
SP(X<x)=<Inx l<x<e
1 X>e
Question 18

[eo=[e]

=—e*4+¢°
=1-e*
0 Xx<0
SP(X LX) = B
1-e* x>0
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Question 19

[/ (05-0.04x)dx =[ 0.5x~0.02x |

k
5

= 0.5k —0.02k? —(2.5 —%}

=0.5k —0.02k* -2
0 X<5
S P(X<x)=405x-0.02x* -2 5<x<10
1 x>10

Question 20

a P(X <12) =0.1(12-5)
=0.7

b P(X <8)=0.1(8-5)
=0.3

c P(8< X <12)=0.7-0.3
=0.4

d P(X >8)=1-P(X <8)
=0.7
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Question 21

a

P(X <20)
4
=1-e?

=0.7364

P(X > 20)
=1-P(X <20)
=0.2636

P(X <5)
L
=]1-¢e?

=0.2835

P(X >20| X >15)
_ P(X =20)
P(X >15)

M

1-(1-e*)

4
e3

-1

e
=0.7165

P(X >20)=0.2636
P(success) = 0.2636

(2}(0.2636)3 (0.7364)" + [jj(o.zme)“ (0.7364) +@ (0.2636)

# Edit Action Interactive

=0.1184 E]M}g;ilsimp Ii"f v —Hy’— ¥ -

binomialCDf (3, 5, 5, 0. 2636)
0.1183761769
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Miscellaneous exercise three

Question 1

3-1=5

=6
log3* =log 6
xlog3=1log6
log 6

Question 2

a P(X 20)=§=0.6

b P(lSXSZ):é:O.Z

PL<X <2)

c P(X <2|X 21)=
P(X >1)

o
(N

N[ O
~
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Question 3

a

(on

(@]

o

(¢

f

log. 5

=lo (19}
- gc 2

=log,10-log, 2
=q-p

log, 40

=log, (10x2%)
=log, 10+ log, 2
=log,10+2log, 2
=2p+q

log, 200

=log, (10° x2)
=log,10° +log, 2
=2log,10+log, 2
=p+2q

log, (8¢c)
=log, 8+log,C

=log, 2° +1
=3log, 2+1
=3p+1

log, 10
_log 10
log, 2
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Question 4

a et +e*t =17
e*(l+e) =17
17
[ p—
e+l

17
e+l
17
e+l
17
e+l

Ine*=1In

xlne=1In

Xx=1In

er+l :50x—7
Ine®** = In50*"
2x+D)Ine=(x-7)In50
2X+1=xIn50-71n50
2X—XIn50=-1-7In50

X(2-1In50) =—(1+7In50)
_ (7In50+1)
~ (2-In50)
_7In50+1
~ In50-2
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Question 5

a ( ] =0.03215

b (%) =0.00463

o WEREGIE)

_ 55
T8 ?
26

"5

~0.00334

d P(X>2|X>1)

_P(X>3)
P(X >2)
~0.035494
0.196245
=0.18087
Question 6
d
—(In5x
OIX( )
_2
5x
_1
X
Question 7

i(3x +1n 3x)
dx

3x
=3+1
X
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# Edit Action Interactive

][] [ TETT

binomialCDf (2, 5, 5, 1/6)
0.196244856

binomialCDf (3, 5, 5, 1/6)
0.03549382716
0.03549382716/0.196244856

0.1808650065
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Question 8

d
—(2In
dx( X)

Question 9

d 3
&(Zln(x )

d
=—(61In
dx( X)

Question 10

%(m(z&))

1
2><1>< X_E
2

2Jx
1
NN

_1
2X

Question 11

")

d
=—(n2-Inx
dx( )
1

X
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Question 12

A= A,0.95
0.2A, = A,0.95'
0.2=0.95'
log0.2=tlog0.95
(o log0.2
log 0.95
=31.38
.. Approximately 31 years.

Question 13

When x = 2,

y=2+In(2x2)
=2+In4

2 (2,2+1In4)

b y=Inx+In(x+3)
y_ 1,1
dx x x+3
1_ X+x+3

2 X(x+3)
4X+6 = x> +3x

X*—x—-6=0

(x=3)(x+2)=0
x=-2,3 (x>0)

X=3

When x =3,
X(x+3)=18
y=1In18

- (3,In18)
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Question 14

d—C=200x !

dx Xx+1
=&$/unit
x+1

200
X+1
X+1=100

X =99
C(99) =600-+200In(100)
600+ 2001In(100)

99
=$15.36

2

.. Average cost:

Question 15

y=In2+Insinx
dy cosx
dx  sinx

_ COSX

sinx

When X=£,
6

Equation of tangent
y=/3x+¢

. T
Using | —, 0
| [6 j

0:\/§x%+c
o _Ya3n
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Question 16

_8
a P(X<8)=1-e?
=0.6321

b P(X <24)=1-¢"
= 0.9502

c 1-0.9502 = 0.0498

Question 17

Stationary points when % =0.
X

d—y:4x—1

dx X

O=4x—i
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2
‘ Z/:4+ - 2
dx 1
)
=8
2
- AS d ¥>0,(£, 1+Ioge 2) is @ minimum point.
dx 2 2
Question 18
ro aedx =— 2 J' *(—be™ Jox
0 b Jo
_ ar__p7”°
__E[e ]o
a
1=——(e" -¢°
b( )
b 1
a e
1
AsX—>00,——>0
:>—E:—1
a
=b=a

E(X)= I0w0.25xe’°'25xdx
=4
Var(X) = '[:O.25e’°'25x(x—4)2dx
=16
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